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Abstract 

We investigate the relation between N = (2, 2) superconformal Lie group WZNW 
models and Lie supergroup WZNW models. The B-twist of an exactly marginal per- 
turbation of the world-sheet superconformal sigma model is the supergroup model. 
Moreover, the superconformal currents are expressed in terms of Lie superalge- 
bra currents in the twisted theory. As applications, we find protected sectors and 
boundary actions in the supergroup sigma model. A special example is the re- 
lation between string theory on AdS3 x S 3 x T 4 in the RNS formalism and the 
U(l,l|2) x U(l|l) x U(l|l) supergroup WZNW model. 
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1 Introduction 

In this note we consider a relation between sigma models on bosonic groups with 
Af = (2,2) world-sheet supersymmetry and models with supergroups as target spaces via 
topological twisting. Our motivation to ask for such a relation and to understand it in 
detail comes from two sides. 

The first motivation to study the relation comes from boundary theories on super- 
groups. For WZNW models on type I Lie supergroups there exists a nice prescription to 
compute correlation functions in the bulk theory [TJ [21 [3l H] . The WZNW model is equiva- 
lent to a model consisting of the WZNW model of the bosonic subgroup, free fermions and 
an interaction term that couples bosons and fermions. The first observation we make, is 
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that the action of the model without the interaction term resembles the topological twist 
of an M = (2, 2) superconformal field theory. 

Now, we would like to have a similar free fermion prescription for the boundary type I 
supergroup WZNW model. So far only in the case of GL(1|1) this is known [5]U There, 
in addition to the bulk fermions, one had to introduce an additional fermionic boundary 
degree of freedom. Moreover, the boundary screening charge looks like the square root 
of the bulk interaction term. These two features are well-known in world-sheet super- 
symmetric theories, i.e. in order to preserve M = 2 superconformal symmetry on the 
boundary additional boundary fermions plus a factorization of the bulk superpotential 
into boundary superpotentials is required [7j. We want to understand why we have such 
a similar behaviour. Moreover, we would like to use techniques from world-sheet super- 
symmetry to find boundary actions and hence a perturbative description involving free 
fermions to solve boundary supergroup WZNW models. 

The second hint of the relation came from non-trivial exact checks of the AdS3/CFT 2 
correspondence [U |9] . Here correlation functions of chiral primary operators in the weak 
coupling limit of string theory on AdS3 x S 3 x T 4 were calculated, and precise agreement 
was found with calculations done in the dual two-dimensional conformal field theory. 
Such an agreement is at first sight surprising since the computations in the bulk and on 
the boundary correspond to different points in moduli space, and some protection of the 
correlators must be present. In [10] the explanation for the boundary side was given. 
The argument utilizes that the dual conformal theory has a whole M = (4, 4) worth of 
supersymmetry. Using this extended supersymmetry, the correlators, which correspond 
to an M = (2, 2) chiral ring, can be shown to be covariantly constant over the total moduli 
space. 

The question is whether we can now explain this from the string theory side, which only 
has M = (2, 2) world-sheet supersymmetry, by finding some protected sectors. From [TT] 
we know that string theory on AdS3 x S 3 x T 4 in the hybrid formalism has a description 
in terms of the PSU(1, 1|2) supergroup sigma model where RR-deformations correspond 
to deformations away from the WZNW point. This lead us to the search for topological 
sectors in PSU(1, 1|2). We, however, only found such sectors in U(l, 1|2), and in general 
in GL(N\N). Since a conformal topological sector correspond to the twist of a world- 
sheet supersymmetric theory, this suggests a relation between the Af = (2,2) world-sheet 
supersymmetric GL(iV) x GL(iV) sigma model and the GL(N\N) supergroup model via 
twisting. Note that it is important that the supergroup has super dimension zero since 
the world-sheet supersymmetric theory has the same number of bosons and fermions. 

1 Also for the OSP(l|2) boundary WZNW model such a free fermion realization is known and used [6]. 
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Moreover, for an arbitrary supergroup computing all correlation functions is out of 
reach at the moment. One could thus be less ambitious and restrict to correlators involving 
fields in a subsector of the theory. A good subsector is then the cohomology of a BRST- 
like operator Q such that the Lagrangian splits into the Lagrangian of a simpler model 
plus a Q-exact term. The correlators of the cohomology can then be computed in the 
model corresponding to the simpler Lagrangian [12]. In M = (2, 2) superconformal models 
such good subsectors are naturally the chiral rings. With the relation presented in this 
note we then get supergroup analogs of chiral rings, and thus distinguished good sectors of 
GL(N|N) supergroup models in which we might be able to compute interesting correlation 
functions. 

The Lie supergroup GL(N|N) has various applications in statistical and condensed 
matter physics, especially in the context of disordered fermion systems [13] and the integer 
Qantum Hall effect [33]. The supergroup GL(1|1) appeared as a topological twist in the 
problem of percolation and polymers [15] . 

What we do in detail is to consider the M = (1,1) world-sheet supersymmetric version 
of the GL(iV) x GL(iV) WZNW model. Using a particular Manin triple decomposition of 
the algebra we explicitly construct an extension to M = (2,2) supersymmetry [TB] . This 
extended supersymmetry is preserved under certain deformations of the theory which 
just add background charges to certain fields. We then perform a B- twist of the theory to 
obtain a conformal theory which is topological when restricting to the BRST cohomology. 
By fixing the deformation parameters mentioned before we can obtain the following: 
Firstly, the Lagrangian of the twisted theory is the free fermion resolution pE] of the 
GL(iV|iV) WZNW model without the boson- fermion interaction term. Secondly, the 
BRST current of the topological theory is one of the fermionic affine supercurrents of 
the model. Likewise the preimages of the BRST current and stress-energy tensor in the 
cohomology can be expressed in terms of the supercurrents. This in turn means that the 
full supergroup GL(N\N) WZNW model including the boson-fermion interaction term 
by twisting is related to a supersymmetric deformation of the M = (2,2) world-sheet 
supersymmetric GL(iV) x GL(iV) WZNW model. We will see that the boson-fermion 
interaction terms correspond to an F-term deformation with a chiral field. The principal 
chiral field deformation is a D-term type of deformation, but it turns out that it is exact 
in the BRST-charge. 

We also consider the important example of string theory on AdS3 x S 3 x T 4 . We show 
that our construction is a novel choice of Af = (2,2) world-sheet superalgebra, which 
only slightly differs from the standard choice in the supercurrent G + that becomes the 
BRST-current after twisting. The other supercurrent G~ agrees with standard string 
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theory. With the new choice of superalgebra the string theory is related to the U(l, 1|2) x 
U(l 1 1) x U(l 1 1) supergroup WZNW model. We also show that all interaction terms in the 
WZNW model are exact in the supercharge G~ that fitted with standard string theory. 
Finally, for the case with boundary we conjecture a solution to the Warner problem. 

The article is organized as follows: In section 2 we will introduce the models and 
concepts that we need, this includes an introduction to both world-sheet supersymmetric 
models and supergroup WZNW models. Section 3 shows in detail how to get the relation 
between the world-sheet supersymmetric GL(iV) x GL(iV) WZNW model and the super- 
group GL(iV|iV) WZNW model. Here we also consider the supersymmetric deformations 
of the GL(iV) x GL(iV) WZNW model that corresponds to the boson-fermion interaction 
terms and the principal chiral field deformations. String theory on AdS3 x S 3 x T 4 is 
considered in section 4 along with the Warner problem for the case with boundary. We 
conclude with an outlook in section 5. 

2 Superconformal and supergroup WZNW models 

In this section we introduce the two types of models that we study. Firstly, we review 
the construction of = (2, 2) superconformal symmetry in world-sheet supersymmet- 
ric WZNW models and, secondly, review Lie supergroup WZNW models and their free 
fermion resolution. We also briefly recall the construction of topological theories by twist- 
ing. 

2.1 Supersymmetric WZNW models 

We consider a world-sheet supersymmetric WZNW model whose target space is a Lie 
group, G. To define the model let us use a superspace notation where the world-sheet is 
a 2 1 2 dimensional supersurface £ parameterized by complex coordinates z, z and two odd 
coordinates 9, 9. The basic field, T, is then a map from this super world-sheet into the Lie 
group. It turns out that at the WZNW point, this field has a nice parametrization [TT] . 
Let q be the Lie algebra of G and {t a } a basis. Then we define the fermionic Lie algebra 
valued fields 

X(z } z) = Xa(z,z)t a and z) = x a (z,z)t a . (2.1) 

Exponentiating these fields with an odd parameter gives Lie group valued fields. Further- 
more, let g be a bosonic Lie group valued field then we can parameterize the superfield T 

as 

T = exp(i9x) 9 exp(-i9x) ■ (2.2) 
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To define the action of the WZNW model we need to fix some non-degenerate invariant 
bilinear form (•, •) on the Lie algebra q of G. The level k of the model is here absorbed into 
the definition of the bilinear form (-,-). The action of the world-sheet supersymmetric 
model is given by the standard WZNW action with g replaced by T, and integration is 
over the super world-sheet S. In our parametrization it can be shown to have the form 

SSSwwF] = S^ w [g] + -L J d*z( X ,8 X ) + (x,dx). (2.3) 

Here the bosonic part of the WZNW action has been renormalized by the Killing form 
(•) Oku. 

(•,0rcn=(-,0 + |(-,0Kil. (2.4) 

We see that the fermions have been decoupled from the bosonic WZNW model. 

The WZNW model (j2.3p has an M = (1,1) superconformal symmetry by construction. 
Below we will see that in some cases this can be enhanced to an M = (2, 2) superconformal 
algebra. 



2.2 A Sugawara-like construction of the superconformal algebra 

This construction has been introduced in [16] . In this section, we construct the M = 2 
superconformal algebra of the world-sheet super symmetric WZNW models. We restrict 
to the holomorphic sector, the anti-holomorphic currents are analogous. 

The M = 2 superconformal currents consist of the chiral Virasoro field T, two fermionic 
fields G ± with conformal weight he = 3/2 and a bosonic U(l) current U with weight one. 
The M = 2 superconformal algebra is encoded in the operator product expansions 



G+(z) g- m „ 7 _£/» + JIM + g+jgOW 



[z — w) 3 (z — w) 2 (z — w) 



Hr/ ; ±G ± (w) rT ,_ STT ,.. A c/3 



(2.5) 



U(z)G ± (w) ~ , U(z)U(w) 



(z — w) ' (z — w) 2 

Given an M = 1 superconformal WZNW model, as described in last subsection, there 
is a precise criterium whether it possesses an M = 2 superconformal symmetry. That is, 
let g be the Lie algebra of the Lie group G. Suppose there exist two Lie subalgebras a± 
such that 

= a+ © a_ . (2.6) 

Further, assume that a± are isotropic, i.e. the bi-linear form vanishes on them, then the 
world-sheet supersymmetric WZNW model possesses an M = 2 superconformal symme- 
try. 
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To explicitly construct the M = 2 currents we introduce some notation. Choose a 
basis Xi of the Lie subalgebra a + . With the help of our bi-linear form (., .) we can then 
fix a dual basis x % of a_ such that (xi,a?) = 8j. Our choice of basis implies that the Lie 
bracket takes the following form 

[Xj, Xj\ Cij X k , 

[x\xt] = r\x\ (2.7) 

[Xj, X^ C k ^ X -|- ^X k . 

Here Ci k and f l \ are the structure constants of a + and o_, respectively. The last equation 
follows from the first two using the invariance of the bilinear form. For later convenience 
we define the element p e g 

p := -[x\xi\ = f ik i x k + c ki i x k = p k x k + p k x k . (2.8) 

We denote the chiral affine currents corresponding to the generators X{ and x l by Ji(z) 
and J 1 (z). Using (12.71) and (12 .4p their operator products are 

Ji{z)Jj{w) ~ — - + 



(z — w) 2 (z — w) 

Ji(z)Ji{a) „ V + ifa^js + /'UM + yj'M (2 . 9) 

[z — w) z (z — W) 

J {z)J J {w) ~ — \2~ + — f T' 

(z — w) z (z — w) 

The operator product expansions of the fields x % an d Xi take the form 

Xi(z)xj(w) ~ 0, 

Xi(z)x j (w) ~ Tr-^-r, (2-10) 
(z — u;) 

^(z^H ~ . 
All these fermions have conformal weight h(xi) = Mx*) = 1/2. 

We can now write the currents explicitly. The Virasoro tensor T is in the standard 
Sugawara form 

T(z) = • :./,/': • :<)\'\,: -:\'<)\,:). (2.11) 

whereas the dimension 3/2 fermionic currents are 

■X l X 3 Xk- , 

(2.12) 



G + {z) = J l X i ~^c i k :x i X j Xk- 
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Finally, the dimension one bosonic current U is 

U(z) = -.^Xi- +p k Jk + PkJ h + c mn i f mn j :\ J \r. • (2.13) 

Using the OPEs (12.91) and (12.1 Op one can verify that these currents satisfy the relations 
of the M = 2 superconformal algebra ( 12. 5j) . The anti-chiral partners T 1 G ± and U are 
constructed in complete analogy. 

2.3 Deformations 

The above construction can be slightly generalized [16]. Actually there exist a family 
of supersymmetric deformations defined by elements in a , the orthogonal complement of 
the direct sum of the derived subalgebras of a + and o_, i.e. 

a = {x e g\(x,y) = OVy G [a+,o+] © [a_,a_]}. (2.14) 

Consider an element a = p l Xi + q{X % G a . It follows from the definition of a that the 
components p l and qi must satisfy 

Cij k q k = P k V k = 0. (2.15) 

Given the element a, the deformed currents of the M = 2 superconformal algebra are as 
follows 



(2.16) 



U a (z) = U{z)+p l I l {z)-q l P{z), 

T a (z) = T(z) + ^(p i dl i (z) + q i dl i (z)). 
Here we used the following set of level k Lie superalgebra currents 

I{ Ji -X^Xk- * - XjXk- j 

P = P-f j k --X j X k ---~c jh i :X j X k -- ■ 
The expressions for the deformed supercurrents are a bit simpler 

G+ = G + + q t d X \ 

G~ = G-+p i d Xi . 
The deformation changes the central charge as 

c a = c-Qq t p i . (2.18) 



(2.17) 
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This deformed Af = 2 structure extends a deformation of the original Af = 1 super- 
conformal algebra, and will be important in our discussion. Note that the deformation 
simply changes the energy-momentum tensor by derivatives of the generalized currents 
Ii,P. In simple cases this is just adding background charges to the action. Indeed, as 
shown in [18] these deformations are closely related to spectral flow. 



2.4 Topological conformal field theory 

It will be important for us that an Af = 2 super conformal theory determine topological 
conformal theories by the twisting procedure. Here we follow [19] . 

In this paper we only need to consider the positive B- twist. Given an Af = 2 supercon- 
formal theory as above, we define the energy-momentum tensor of the B-twisted theory 
by 

{ (2-19) 

lifted® = m + fu(z) ■ 

The twisted theory will by definition have central charge c = 0. We see, as in the 
deformations above, that if we write U — d(f> this will just add background charge to 
in the action, and again it can be seen as a spectral flow [2D]- This means that the 
dimensions of the fields change and we now have the weights ha+ = 1, ho- = 2 whereas 
U still have weight one. The twisted theory is not in itself topological, but if we restrict 
ourselves to the states in the BRST-cohomology of G + , we get a conformal topological 
theory§| Indeed, from the Af = 2 algebra (12.51) we see that the zero modes of G + + G + 
satisfy 

(G + + G+) 2 = , 
[G+ + G+,G-(z)] = T+ isted (^), (2.20) 



[G+ + G+,G-(z)] = f x 



twisted \ Z ) J 



which precisely is the algebra of a conformal topological theory with BRST charge Q+Q = 
Gq + Gq. The physical states are defined by the cohomology 

_ kernel (Q + Q) 
Hphys ~ image(Q + g)- ^ 



2 Had we considered the negative B-twist with T twisted (z) — T{z) — ^dU(z) the BRST operator would 
be G~. 
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Note that G~ is the preimage of the twisted stress-energy tensor, and U will be the 
preimage of the BRST charge Q itself. Using these relations one can show that the 
physical correlation functions 

(0i(zi,zi) .. . 0„(2 n ,2 n )) 2 (2.22) 

will depend only on the fields 0j and the topology of the world-sheet E, but not on the 
world-sheet positions (2^2^). In the topological CFT the operator product expansion of 
physical fields takes the particularly simple form 

fafa ~ Ci/0 fc . (2.23) 



2.5 Super symmetric Deformations 

It is important to understand the moduli space of deformations preserving the super- 
conformal algebra. 

Let us first relate our notation to the notation in [2T] where the supercharges are 
denoted (in the Minkowski notation) Q± and Q± where the index ± denotes chirality 
and hence is related to our bar notation. On the other hand, the bar notation in [21] is 
related to hermitian conjugation of the supercharges. In our case this corresponds to the 
± superscript. We have 

{G+ 1/2 , G_ 1/2 } = 2L-i, {(5-1/2) ^-1/2} = 2 ^-i (2.24) 

whereas in [2T] the non-zero anti-commutators are (in Minkowski space and with zero 
central charges for the supersymmetry algebra) 

{Q±,Q±} = H±P = -2id/dx ± . (2.25) 

Taking 2 = x 2 + ix l and Wick rotating as x 2 = ix° we get L_i = —d z = id/dx + and 
Z_i = — dz = id/dx~. So we choose the identification 

Q+ = iGZ 1/2 , Q + = iG + _ l/2 , (2.26) 

Q- = iGZ 1/2 , Q- = iGZ 1/2 ■ (2.27) 

In the superfield formalism we introduce covariant super derivatives D± and D±. A 
chiral field, $++, is a superfield with D±<& ++ = 0. Correspondingly an anti-chiral field 
has D±<& = 0, a twisted chiral field has D + Q^ = = 0, and finally a twisted 
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anti-chiral field has _D + $ |_ = .D_$ y. = 0. The component fields of a chiral superfield 

form a representation of the supersymmetry algebra. Specifically we find that a field <fi ao 
is the lowest component of a (twisted) (anti-) chiral superfield $ a & if and only if 

[G a _ 1/2 , ( p ab } = [G b _ 1/2 A ab ] = 0. (2.28) 

i.e. if it belongs to the (ab)-chiral ring (i.e. (++) is (cc) etc. in standard notation). The 
middle components are then given by 

VU = -[GZy 2 , <Pab] , Ipab = -[GZ\ /2 , <Pab] , (2.29) 

and the highest order F-term component is 

F ab = -{G-_ a 1/2 AGZ\ /2 ^ab]\ ■ (2-30) 

A functional of a chiral field is again a chiral field which is reflected by the ring nature of 
the chiral ring. We can also take world-sheet derivatives and preserve chirality. 

Using these fields we can build actions that, at least classically, are invariant under 
the supersymmetry transformations. We have two type of terms: F-terms which only 
depend on one type of fields and which always will have the form (I2.30p . For F-terms the 
lowest component field needs to have dimension (1/2, 1/2). The second type of terms 
are D-terms which consist of different types of fields and can change the metric or B-field. 
These terms needs to have dimension zero. 

By (12.241) we see that under a positive B- twist, the F-term perturbations generated 
by anti-chiral, twisted chiral or twisted anti-chiral superfields are all exact up to total 
derivatives. That is, they can be written as [GZi/ 2 + GZ 1 / 2 , 4>] + total derivatives, for some 
field 0. 



2.6 Lie supergroup WZNW models 

Using the twist procedure from last subsection we want to relate world-sheet super- 
symmetric theories to WZNW models of type I Lie supergroups. In this section we recall 
results on these from pE]. 

We consider a type I Lie superalgebra g. Examples of fundamental matrix represen- 
tations follows: 

Example 2.1. gl{n\m) is given by 



gl(n\m) 



A 


B 


C 


D 



(2.31) 
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where the bosonic matrices A and D are square matrices of size n x n and m x m, and 
the odd matrices B and C respectively are of size n x m and m x n. The supertrace is a 
super symmetric non- degenerate invariant bilinear form and it is defined via 



str 



A 


B 


C 


D 



txA-txD . (2.32) 



Example 2.2. sl(n\m) 

sl(n\m) = {X e gl(n\m) | strX = 0} , (2.33) 

for n m. If n = m sl(n\n) is not simple, in this case one obtains the projective unitary 
superalgebra psl(n\n) as the quotient of sl(n\n) by its one dimensional ideal I generated 
by the identity matrix l2 n , psl{n\n) = sl(n\n)/I. 

Following [4] we denote the upper fermionic generators, the positive fermionic roots, 
by Si, the lower fermionic by and the bosonic by K % . As a non-degenerate invariant 
bilinear form, we use the supertrace 

(A, B) = kstv(AB). (2.34) 

The bosonic part of this metric is denoted k 1 ^ , and the fermionic part is 

(S1,S 2b ) =kS a b . (2.35) 

We parameterize a supergroup valued field as 

9 = e c g B e 5 } (2.36) 

where we have introduced fermionic fields c and c 

c = c a S 2a , c = c a S« . (2.37) 

The fermions transform in some representation of the bosonic algebra. We introduce 
the representation matrices R l by 

[K\S a 1 } = -(RT b S b 1 , (2.38) 

which implies 

[K\S 2a ] =S 2b (R*) b a , 

[SlS 2b ] = -k{R i )\K ij K j . (2.39) 
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By R^Qb) we denote the representation of the group element qb- 

A first order formalism for the fermions (called the free fermion resolution |4]) is 
obtained by introducing auxiliary dimension 1 6-ghosts to match the fermionic fields c: 

b = b a Sl b = b a S 2a . (2.40) 

The WZNW action then becomes 

''pert 



S wmw [g] = So + S p 

S = S^b] rcn+dii + 7— I drda str(6(9c) — str(6<9c) 



Spert = --^j: / drda str{Ad(g B )(b)b) , 



where .Sfg^ren+dii is a renormalized version of the bosonic WZNW action plus dilatonic 
terms. Written out in components we get 

SWZNW^ = SWZNW M _ 1 f dz ^ n m lndetR{gB) 

o7T J 

+ 27 / dZ " ( haBca ~ ^ ~ h - R ^B)\b b ) , (2.42) 

The extra terms are due to the change in the quantum measure. This gives rise to the 
Fradkin-Tseytlin term where h is the determinant of the world-sheet metric and is 
the world-sheet curvature. Further, there is a renormalization of the metric in the bosonic 
part given by 

{K B ,K B ) ren = K^ ^ = tiRW. (2.43) 

Here we have denoted the bosonic currents corresponding to this renormalized metric by 
K l B . Even for simple superalgebras q, 7 may not be proportional to k. 

The affine currents now take the following form (factors of k are absorbed in the 
metric) 

J = -dgg- 1 = -de + K B + [c, K B ] + \b+^: [c, b] : +^ : [c, : [c, b] :] : . (2.44) 



We have to be careful with signs when writing the currents in components [18] . In our 
case of type I superalgebras we have 

ja(z) = { (J(z)X) iff in to e** 

^ -{J{z),t a ) ifrin _ v ; 
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This gives us (with Kb(z) = K B {z)n.ijK^) 
J K \z) = J K Hz) + b a (z)(RT b c b (z), 

J*(z) = kdc« { z) + k{R i )\K ij c b {z)J K B(z) - \ { R Tb ^RW\ Z l (2.46) 
J s ^(z) = -b a (z), 

where right-nested normal ordering is understood. These currents satisfy the OPEs 

ra / \ rb / \ k S tl(t a t b ) f ab c J C 

J a {z)J h {w) ~ V ; + , 2.47 

(z — w) 2 z — w 

where f ab c are the structure constants. This can be checked using the OPEs for K l B 
remembering the renormalization (I2.43p . and the OPEs for the fermions 

b a (z)c a (w) — . (2.48) 

z — w 

Finally, the energy-momentum tensor can be written as 

T FF = i ^BriijJ^ + tr(fi J R> ij 9J A s) - b a dc a , (2.49) 
where the full-renormalized metric Q has the bosonic and fermionic parts: 

(fi- 1 ) a fe = 5 b a + (i? l K u ^) a 6 . (2.50) 

Note, that the bosonic part of the energy-momentum tensor is a deformation of the 
Sugawara Virasoro field. This resembles very much the form of the M = 2 deformations 
considered in the last section (12 . 1 6[) and the twisting (12.191) . In the following we will 
explain the relation. 



3 From world-sheet supersymmetry to supergroups 

In this section we will understand a relation between world-sheet supersymmetric 
WZNW models and Lie supergroup WZNW models. We start with a Af = (2,2) super- 
conformal GL(N) x GL(N) WZNW model. We find a truly marginal operator $, i.e. a 
perturbation that preserves the superconformal algebra. This operator couples bosonic 
fields with the world-sheet fermions. Then we perform a topological B-twist. This twist 
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is identified with the GL(N|N) WZNW model in the form sketched as 

5 GL(N 2 )XGL(N) + ^ j dTd(T $ 

G+{z) 
G-{z) 
U(z) 

I.e. the twisted action is the supergroup WZNW model action, and the twisted super 
currents can be identified with affine Lie super algebra currents. Here J F and J B denote 
fermionic and bosonic currents in GL(N|N). The goal now is to make the above sketch 
(13.11) precise. 

We start by introducing the GL(N|N) WZNW model, then we consider the M = (2, 2) 
GL(N) x GL(N) WZNW model, perform the B-twist and relate this to the GL(N|N) 
WZNW model. We introduce the boson-fermion interaction term $ and explain its exactly 
marginality. Finally, we consider perturbations by the principal chiral field and show that 
it is a D-term. 

3.1 Some properties of the GL(N|N) WZNW model 

In this section, we extend section 12.61 in the special cases of the Lie supergroups 
GL(N|N). A convenient basis for the Lie superalgebra gl(N|N) is {Ef \Ff | 1 < a,/3 < 
N, e = ±}, where the generators E are bosonic and F are fermionic. Compared to 
section 12.61 the bosonic indices . . . are now each replaced by a triplet (°^) and the 
fermionic indices a,b,... are each replaced by a doublet (a(3). The advantage of this 
notation is that the invariant bilinear form and the super commutation relations are easy 
to express. The metric H2 .341) takes the form 

kstv(EfEf') := K (?)Cf) = keS^Sf" , (3.2) 
kstr(FfF^') = ke et ,8 a P 'S^ ', (3.3) 

where e ee > is the antisymmetric symbol with = 1. 

The non-vanishing Lie super algebra relations are 

[Ef,E], 5 } = 6 e , e , {5 Pl Ef - 6 aS Ef) , 

[Ef,Ff] = 5 e , e ,5^F« s -5_ e , e ,6 a5 Ff, (3.4) 
{Ff, Ff} = 5^ e , U^Ef + 5 aS E~f ) . 



B "^ ist s GL(m) 

B-twist jF "( \ 

B-twist J F (Z)J B (Z) + 0J F (Z) 

B-twist J B (z) 
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] Y S = -5 € , + 5^5Z5 s 5 , + 5 e ,„6 aS 524 . (3.8) 

/ ■y'S' 



Following (I2.37P we define the fermionic fields 

c = C P<* F «^ s = c^Ff, (3.5) 

b = b aP Ff, b = b Pa Ff. (3.6) 

These satisfy the OPEs 

c^(z)b, s (w) ~ (3.7) 
(z — w) 

and correspondingly for the bared fields. 

The boson-fermion super commutation relation in eq. (13. 4 p determines the represen- 
tation matrices R by (I2.38P 

This gives the correction to the bosonic metric from decoupling the fermions (I2.43P 

7 (f ) (I?) = s^NS^S^ - 5- e ^5 aP 5 lS , (3.9) 
and the bosonic Killing metric f tm n f^ n m is 

4IiLg'' > = 2( ^' (A^5 Q<5 ^ - rt 75 ) . (3.10) 
The GL(N|N) currents (I2.46P are then given by 

J F - = -bp a , (3.11) 

J# denote the bosonic currents with the renormalized metric (12 .43 p . 
Similarly the anti-holomorphic currents are 

J E ? B = jf* + S t)+ b ai c^ - 5 e ^b^ a , 

r- = kdc?<* + c^jf + c^f B - - b^c? 5 , ( 3 - 12 ) 



a/3 ■ 



J*? = b. 



We also need the energy-momentum tensor. The bosonic and fermionic fully-renormalized 
metrics (I2.50p are given by 

(fi-^CfX?) = keS ee >6 aS 5^ - ee'6 a Pp 5 , 
( n_1 ) (a W) = ^- ( 3 - 13 ) 

The holomorphic component of the stress tensor is then 

t ff = ijf 'n (<f jf -^-Yl { dJ B T + 5J f ") ~ b ^ dc °"- ( 3 - 14 ) 
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3.2 The M = (2,2) GL(N) x GL(N) WZNW model 

We now consider the world-sheet supersymmetric GL(N) x GL(N) WZNW model 
that is related to the GL(N|N) WZNW model. 

We denote the generators of q = gl(N) © gl(N) by E^, a — ±, with relations 

[Ef,E], s ] = 8^{5^Ef -5 aS Ef) . (3.15) 

Furthermore we start with a metric given by 

K stBX% {Ef,Ef) = = ke5 ee ,6 aS 5^-ee'5 a ^ 5 . (3.16) 



This is the same as the fully- renormalized metric in equation ( 13 . 13[) . Note that this metric 
only differs from the standard trace metric in the U(l) parts. Thus it really only implies 
a simple field redefinition in the U(l) fields. The metric is chosen so that after decoupling 
the fermions, we get the metric of the free fermion resolution f)2.43p . 

Define the Manin triple (g, a + , a_) corresponding to our starting metric as 

q = a+ © a_ 
a + = span{ x a p \ x aj3 = E°^ + E°f } 

J aft I act gT ~ 1 n fta E f (3.17) 

a_ = span<^ x 1 x = — - — ; 1 — -rid, x' = 

k 2k 2k z k 

E fia 

and x al3 = — for a > f3 } . 

k 

where Id = Id + + Id_ denotes the central element given by the sum of the two u(l) 
generators Id e = ^ a Ef a . Note that a+ forms the Lie algebra gl(N) and o_ is a solvable 
Lie subalgebra of g and both are isotropic. Hence we have a Manin triple. As a basis for 
o + and o_ we use the x Q/ g and x a/3 introduced in (I3.17p . Recall that constructions of the 
M = 2 superconformal algebra are parameterized by the orthogonal complement of the 
direct sum of the derived subalgebras of a±. This is 

a = span{x Qa ,^x Qa } . (3.18) 

a 

For us the choice of M = 2 superconformal algebra given by 7 in a 

7 = _fc^ x -_^JL(2jV-2a + l)aw (3.19) 

a a 

is important. It implies ( 12 . 18[) that the central charge is c 7 = 0. In order to display the 
superconformal structure following sections 12.21 and 12.31 we need two more ingredients. 
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ab 



First, the structure constants of a+ = gl(N) are denoted c a b c . Those of a_ we call / 
and they can be extracted from (13.151) . Second the element p (see (I2.8P ) is 

2a + l)x aa . (3.20) 



r k 

a 

Further, introduce the bosonic currents J a p of o+, J a/3 of a_, the and fermionic fields 
Xapi and their partners x Q/3 with OPEs 

XapW^w) ~ f-^r. (3.21) 
[z — w) 

The M = 2 superconformal algebra can now be written down using sections 12.21 and 12. 3[ 
we will display them in a moment after a performing the B-twist. The B- twist changes 
the Virasoro field by a linear dilaton term ( 12. 19ft • This implies that in the twisted theory 
the fermions x have conformal dimension zero while the Xa/3 have weight one. Thus we 
can identify the fermions x with the be ghosts of the free fermion resolution. We choose 
to identify as 



c 



aP = -X P \ b a p = - XPa . (3.22) 



Moreover, we identify the bosonic currents with the bosonic currents from the free fermion 
resolution of GL(N|N) which have the same OPEs due to our choice of metric ( 13.161) . The 
two stress-energy tensors then match due to our choice of the deformation parameter 7 
in (I3.19p . This means that the action of the twisted topological theory is the same as the 
free fermion resolution action without the boson-fermion interaction term, i.e. the action 
So in (EDEH). 

We can now show that the twisted world-sheet supersymmetric currents are expressed 
by affine superalgebra currents. First consider the deformed supersymmetry current 
(which after twisting has conformal dimension one) given by ( 12 . 1 7[) 

G+ = J aP x aP ~ K^/VV^a - k d X aa - (3.23) 

a 

Comparing with (13. lip we observe that is a fermionic gl(N|N) superalgebra current^ 



3 To get the comparison of the stress-energy tensor of the GL(N) x GL(N) and GL(iV|iV) models we 
had to fix all the parameters in 7 (|3.19|) except one. Getting this relation fixes the last parameter. 
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The U(l) current is by (I2.16P given by 

V ^ = kk ^~ 2a + 1 )Jaa + kJ2 J° a + X^Xafi + I 5> - P)x aP X a p ■ (3.25) 

a a a, (3 

Again comparison with (13. lip gives the following identification with a bosonic gl(N\N) 
superalgebra current 

U -r = ~k ^ k + N+1 ~ 2a ) jET + 4 Y,(~ k + N + 1 - 2a ) jE ~ a ■ ( 3 - 26 ) 

a a 

Finally, the G~ current of conformal weight two which is given by (I2.17P can be written 

as 

g- =^J2 jF " a { jEa+a - jE - a + \ E( j£f + jE '^) - 1 E jF ~ jE - 

1 p a>P (3.27) 

+ ^j^jK° -l-J2(2N-2a + l)dJ^ . 

a</3 a 

Note that this expression is normal ordered which is important for the coefficients of the 
derivative terms. 

So far we only considered the holomorphic currents. Let us now state the analogous 
results for the right-moving part. We choose to use the same Manin decomposition. The 
deformation parameter 7 is slightly different, 

7 = E(-^fe (~ 2a + Xaa + kx * a ) ■ ( 3 - 28 ) 

a 

We now perform again the +- twist on the right-moving currents and identify the supercon- 
formal currents with affine superalgebra currents. First, the energy-momentum tensors 
match. The identification of the ghost system in this case is 

c aP = X aP , Kp = Xa{3, (3.29) 

to get a matching between the supersymmetric currents and the super affine currents. 
Identification of the currents are now 



^ = £ JF - QQ ' (3-30) 



^ = 4 J2(~ k + N + l ~ 2a)J E " a + i- J2(k + N + 1- 2a)J E - a , (3.31) 
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g-, =Y k H jFr ( jET - jE - a + 1 E( j£f + jE -")) - 1 E JFfJE - 

> " >P (3.32) 

a</3 a 

Let us summarize this section. We started with a special choice of M = (2, 2) su- 
perconformal algebra for the GL(N) x GL(N) super WZNW model parameterized by 
deformation parameters (7,7) in (13 . 19[) and (I3.28p . We then have shown that the B- 
twisted topological field theory of this model is embedded in the free fermion resolution 
of the GL(N|N) WZNW model. Moreover the BRST-current as well as the ghost-number 
U(l)-current become affine Lie superalgebra currents. Also the ghost partner of the 
BRST-current has a nice expression in terms of Lie superalgebra currents. The full super- 
group WZNW model is realized by coupling the bosons and fermions (12.411) . Thus, the 
next step is to understand this boson-fermion interaction term. Since the world-sheet su- 
percurrents are expressed in terms of the Lie superalgebra currents, it is a supersymmetric 
deformation and indeed it will turn out to be an F-term. 



3.3 The boson-fermion interaction term 

The boson-fermion interaction term (I2.42p is, as mentioned above, a supersymmetric 
deformation of our M = 2 GL(iV) x GL(iV) WZNW model. Since it is a potential term, 
we expect it to be an F-term and since we do not expect it to be exact, it should be a 
chiral F-term. On the GL(iV|iV) side the term takes the form 

S pcit = -^Ljdrda str(Ad(0 fl )(6)&) = ^ j drdab^b a5 tr{E^A- l E^B) (3.33) 

where we have used the form of the 6-matrices (I3.5P 



and written 



b = b aP Ff, b = b Pa Ff, 



9B=\ n J • (3-34) 




The E a P denotes the basis (ETT51) of gl(N). 

This boson-fermion interaction term is the F-term of a chiral field corresponding to 
chiral operator 

<p = ti(A- 1 B). (3.35) 
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Indeed this field satisfies (I2.28p . 

G+(z) tr(A- 1 B)(w) ~ 0, G+{z) triA^B^w) ~ (3.36) 
using that in the bosonic subgroup g(z, z) transforms as 

J a (z)g(w) — , J a (z)g(w) ~ — , (3.37) 

z — w z — w 

and the form of the generators in a + (13.171) . Further, it can be shown to be a Virasoro 
primary of dimension (1/2, 1/2). 

Using (I2.29P and the basis of a_ (13.171) we get the fermionic part of the chiral superfield 

i> = ~XSa tr (A~ 1 E a5 B) , i, = tr (E^A^B) . (3.38) 
The F-term (12.301) takes the form 

F = -^XapXs* (E^A-'E^B) . (3.39) 

Using the identification of the ghosts (13. 22[) and (I3.29j) we see that the F-term is pro- 
portional to the boson-fermion interaction term (I3.33f) and using the chiral superfield $ 
based on in (I3.35f) we have 

S pcrt = — / drda®. (3.40) 

Finally we would like to remark, that the construction gives us a wide range of chiral 
operators. One just needs to find a chiral field <fi of conformal dimension (1/2,1/2) 
satisfying 

G+(z)4>(w,w) ~ G^(z)4>(w,w) ~ 0. (3.41) 

3.4 The principal chiral field as a D-term 

Deformations that change the coefficient of the principal chiral field play an important 
role in the PSU(1, 1|2) supergroup sigma model where they describe Ramond-Ramond 
perturbations of the string theory [22j[23]. In our GL(iV|iV) case the principal chiral field 
field is given by 

S kin = d 2 z{g- x dg,g- x dg) = J d 2 z$ pvincipal . (3.42) 
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Since this is a kinetic term, we expect it to be a D-term. Indeed, using the supergroup 
version of (I3.37p . (I2.47[) and J = —kdgg^ 1 , J = kg^dg one can compute that 



Airk 



(I 






Id 


Id 









Id 


Id 






J 9 J), 



(3.43) 



is the preimage of the principal chiral field: 



$ principal — ~ {G^l/2> [G_ 1/2 , </>]} ■ 



1/2 



(3.44) 



4> is not G closed and this is not an F-term, but rather a D-term. It is, however, G + + G H 
exact. 



4 Examples and Applications 

In this section, we give some selected examples and applications. 

4.1 GL(2|2) and screening charges as chiral perturbations 

We start by considering the example of the GL(2|2) WZNW model from GL(2) x 
GL(2). In supergroup WZNW models one goes, in practice, beyond the free fermion 
realization and also introduces a Wakimoto free field realization for the bosonic subgroup. 
This is then supplemented with bosonic screening charges. In this section we will find 
that in addition to the boson-fermion interaction term also the bosonic screening charge 
is an F-term. As a consequence, the cohomology of G~ can be computed in free field 
theory. We start with some explicit formulae. 

We denote the generators of gl(2) © gl(2) by E± as before. Then the two sl(2)s are 
generated by 

K± = E± - E 2 i , = #± and K± = E± (4.1) 

and the two central elements are 

K i = E± + E± . (4.2) 

The standard Manin decomposition 

We are going to display the Manin decomposition and then the resulting supercurrents 
in the topological twisted theory as Lie superalgebra currents. 
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The bases for the Manin decomposition are 

a+ = {i« + K z + + K°_ + K z _), - K\ + KZ - K z _), 

K+ + KZ, K~ + Kz] 

a = {-L(*J + K Z + -K°_- K z _) + (K° + + , (4.3) 
Kl-Kl-K°+K z 1 , n nN 1 1 

The deformation parameter is 

l = -^r (K + Kt + (k + A)K° + + (4 - k)K°_) . (4.4) 
The supercurrents in the twisted theory in terms of superalgebra currents are 

G+^jK' + jn 2 , (4.5) 
G~ = ^J F - (V+ + J K " - J K - - J K - + l(J K + + J K -^j 

+ j-j F - 2 ( j k + - j k + - j k - + j k - + hj K + + j k -)) 

- \J F ~J K+ - + \J F -J K + - \d.J Fl - - \d.J F -\ (4.6) 

v^-^+y^+y*--. ,4.7) 

Another Manin decomposition 

Depending on the real form one wants to consider there are particularly good choices 
of M = 2 superconformal structure. We will now display a Manin triple that is well suited 

for AdS 3 x S 3 x T 4 . Again the relation to the supergroup WZNW model works nicely. 
The Manin decomposition is given by 

a+ = {K° + + K°_, K z + - K z _, -K+ + KZ, -K~ + Kz} 

a = | 2 + k K° - ~ 2 + k K° — (K z +K z ) --K + --K + \ (4 8) 

a - 1 4P + 4fc 2 -'4A; 1 ++ ~ h k k + 1 ' 

The deformation parameter 7 is in this case 

7 = - J- {-K\ + K z _ + (k + 4)K° + + {-k + 4)K°_) . (4.9) 
This changes the central charge from 12 to zero. 



22 



Further, the fermions in the twisted theory are identified with the ftc-ghosts of the free 
fermion realization of the supergroup as follows, 



611 = X4, &12 = f(Xi + X2X 621 = |(-Xi +X2), b 22 = -X3, (4.10) 
c n = X 4 , c u = X 1 + X 2 , ^^-X^X 2 , c 22 = - X 3 . (4.11) 



Here x« (x l ) is the fermion corresponding to the z-th generator of a + (ft-), see (12.101) . The 
super currents are identified as 

G + = -jn 2 + J n\ (4.12) 
g- = -±j f2 - ( j k + + j k i + j k - - j k - + hj K + + j k - 

7 4k \ k 

T F 12 I t k z , , tK° t k z tK° , 2 , ^0 K o 



+ _J*+ + J«l _ J«- _ J«- + ^(J*+ + J*-) (4.13) 

U~ = -J K ° - ~J K ~ - \j K + + \j Kt . (4.14) 
7 2 2 2A; 2fc y ' 

The anti-holomorphic side is analogous if we choose the Manin triple for the anti- 
holomorphic side to be different, but only by an automorphism. It is 

a+ = {-K% - K°_, -K% + K*_, K~ - K±, K% - KZ} 

*- - + =^ K -' -h™ + **->■ \ KZ > \ K * } (4 - 15) 

The deformation parameter coincides with the one of the chiral half, 7 = 7. 

Screening charges as chiral perturbations 

We will now show that the screening charges - both the boson-fermion interaction 
terms and the bosonic screening charges can be seen as chiral perturbations. 

For the standard Manin decomposition we have already seen that the boson-fermion 
interaction terms can be seen as a chiral perturbation (I3.40p . This also happens in the 
case of the alternative Manin decomposition, but the chiral field generating the multiplet 
has to be changed from (I3.35P by conjugation with a constant matrix 

Then the corresponding F-term $ = — {GZ 1 / 2 , [GZi^i'PW gives the boson-fermion inter- 
action terms. 
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We can however go one step further. Looking at the free fermion resolution (I2.42p we 
also have interaction terms in the WZNW action for the bosonic subgroup. We can now 
go to the first order formalism for the bosonic subgroup and write the bosonic Lagrangian 
as first order kinetic terms plus bosonic screening charges. Our claim is that the screening 
charges are also chiral perturbations. We will now show this in the case of the new Manin 
decomposition. 

The action for the bosonic subgroup (12.421) renormalized with the metric (I3.9P takes 
the form: 

S^ W [9B} = -^lj 2 z(g- 1 dg,g' 1 dg) vcn -^J^ 1 dg, [g-'dg, g^dg)}^ 

d 2 z[- (k - 2)d(fP + 8<j) + + (k + 2)d^d(P°_ - 2d(j)ld(tt - 2<90° <90° 



1 
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- (k - 2)<90+<90+ — (k — 2)<97 + <97+e- 2 * + 



+ (k + 2)<90_<90_ + (A; + 2)<97_<97_e- 2 ^-] , (4.17) 

where we have chosen a parametrization of the Lie group valued field gs via a Gauss 
decomposition 

g B = e 7+K++j-K+ e 4,lKl+4>°_K°_+4> + Kl+^Ki e j + K-+^KZ_ (4^3) 

We now introduce the auxiliary field (3±,j3±. Remembering corrections from the quantum 
measure - which essentially cancels the shift in levels for the two SU(2) factors we get for 
the upper SL(2)-part of the action 



S+ = 1 kJ s d " Z (-^+<^+ + &-^+ + ^+ + k^2^ + + i^ (2 ^+) > ( 4 ' 19 ) 
and similarly for the lower SL(2) part. The bosonic currents in this first order formalism 



arc 



jf + = -2kdcj> + + 2 : 7+ /3 + : , 
Jb + = P+i 



= 2kd<f> +1+ - (k - 2)d 1+ - : /3 +7+ 7+ : , (4.20) 
they can be inserted in the free fermion resolution (13. lip to give an expression for G~ 
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in (14.121) . For completeness the anti-holomorphic currents are: 

Jf + = 2kB<j> + - 2 : 7+^+ : , 

f B X = -2kd<j> + j + + {k — 2)d 7 + + : ■ , 

Jb~ + = ~h- (4-21) 

Using this, we compute that the screening charge = /3/3e 2< ^+ is the F-term of the 
super mult iplet obtained from the chiral field 

B = ^c 11 c 11 e 2 ^, (4.22) 

and similarly for the screening charge of the lower SL(2) part. 

In conclusion, we have shown that the whole action for the supergroup can be written 
as simple first order kinetic terms (and background charges) plus interaction terms in form 
of screening charges that can be written as chiral F-terms. These are by construction exact 
in G~ (and G~). A practical consequence is that the cohomology of G~ (and G~) can be 
computed in free field theory. 



Q A 

4.2 Comparison to string theory on AdSa x S x T 

In this section we show how our story is related to type IIB string theory on AdS3 x 
S 3 x T 4 . 

String theory on AdS3 x S 3 x T 4 consists of bosons parameterizing the space related 
to the group SL(2) x SU(2) x U(l) 4 , their corresponding fermionic partners and the string 
ghosts. The total central charge is zero. 

Let us compare this to our approach for the case of the group U(l, 1 |2)_ fc x U(l|l) x 
U(l|l). The bosonic group that forms our starting point is then U(l, 1) x U(2) xU(l) 4 , and 
further we have the corresponding decoupled fermionic partners. After the deformation 
with 7, but before twisting the theory, this system also has central charge zero. Remember 
that U(l, 1) is equivalent to U(l) x SL(2). Thus the bosonic group that we start with 
has two U(l)s plus their fermionic partners more than on the string side. Bosonizing 
the fermions we thus have three extra scalars with various background charges due to 
the deformation. On the string theory side we, however, have the superconformal ghosts 
which consist of a /3j- and a frc-ghost system. Bosonizing also gives three scalars with 
background charges. So the field content is basically the same in string theory and in our 
case of U(l, 1|2)_£ x U(l|l) x U(l|l). We will now show how to precisely embed string 
theory into our story. 
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AdS 3 x S 3 

Let us first consider the string theory on A0IS3 x S 3 x T 4 in detail following [23]. The 
string theory is described by the Af = 1 WZNW model on SL(2)_ fc x SU(2) fc x U(l) 4 
plus superconformal ghosts. The negative level in SL(2) gives the correct sign on the 
Cartan kinetic term and makes sure the total central charge is zero. After decoupling the 
fermions the M = 1 supercurrent schematically takes the form 

Gjg, = JaX a - \f ab c X a X h Xc , (4.23) 

where the index a runs over the entire algebra, J a are the currents, x a are the fermion 
partners from (12. ip . and f a b C are the structure constants of the entire algebra. 

The string theory stress energy tensor splits in three parts corresponding to the AdS3 x 
S 3 , T 4 and the ghosts 

rp _ fTiAdS3XS 3 _|_ rpT A _|_ ^ghosts /a r>A\ 

1 string — 1 string 1 string ' 1 string ' K^-^J 

and similarly for the rest of the superalgebra. 

In appendix B of [23] the U(l) current, f/ s ^n g xS + ^string' leading to the chiral ring 
of string theory is written. Given String we can find Gf tring using that they have opposite 
U(l) charge and G^^ g = ^string + ^string- Here and in the following we write the basis of 
SU(2) in the form of SL(2), i.e. we use generators 

t± = t x ± it y . (4.25) 

We will use our notation for the basis of SL(2) x SU(2) as in (14.1 p i.e. K+' z spans SL(2) 
and Kt' z span SU(2). 

The AdS 3 x S 3 part of the U(l) from [24J then reads 

UiS' 5 ' = \J K * - \J"- + £X*V- " ^x' f V+" + k ~^X K -X K = . (4.26) 



str 

that the U(l) current corresponds to the Manin decomposition 



We can now ask what the expressions for G string Ad g 3XS 3 are. To find these we simply note 



a + = {K z + -K z _,KZ,-K-} 

^ = {~(K + K1),±K±,±KX}. (4.27) 
The currents G^ . . ,„ „ 3 then follow directly from 02.121) . Note that this Manin decom- 

strmg, AdSsxS 3 J * v 

position is very symmetric, and the G + - and G~-chiral ring are dual (conjugately related). 
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Further, a_ is exactly the same as we have in the U(l, l|2)_fc case with the overall U(l)s 
removed for the alternative Manin decomposition in ( 14. 8p . So if we identify our fermions 
Xi, X % with the corresponding string fermions we get the same G~ current, and actually 
also the same U current 

String, AdS 3 xS 3 = G ~ I SL(2)xSU(2) , (4.28) 
^string, AdS 3 xS 3 = f / |sL(2)xSU(2), (4.29) 



however the two G + currents differ since the Manin bases a + are different In the basis 
of K± z the identification of the fermions are trivial except for 

KZ K~ K + KZ K~ K~ 

Xstring X X i Xstring X X j 

due to the difference in the a + bases. This change in fermions corresponds to an isometry 
and hence do not change the stress-energy tensor. However, it is not a Lie algebra auto- 
morphism and thus cannot be extended to the currents which we identify trivially. Also, 
this means that G^ng does not get mapped into G^ =1 = G + + G~. Hence G~ and U 
can get mapped into each other while G + differs. The difference is 

^ rmg , AdS3 xs3 = G + Isl( 2) xs U(2 ) + \j K h Kt ~ \J K+ -X K + ~ ifc** - X K *-)x K h K± • 

(4.30) 

In other words, we have constructed another M = 2 supersymmetry of the string theory 
that only differ in the G + current. This difference is important to achieve that G + after 
deformation and twist is a current of the U(l, 1 (2)_^ model. 

Further, we have to do the 7 deformation ( 14. 9p . For the AdS3 part this is just like 
the type of spectral flows suggested in [25] . This is then extended to also include the S 3 
sector and to deform the fermions to preserve the M = 2 supersymmetry. This part of the 
deformation does not change the central charge. Let us again stress that the deformation 
only changes the weights in the chiral ring. 

Ghosts and T 4 

We want to compare the ghosts and T of string theory with the U(l)s in the U(l, l|2)_fcX 
U(l|l)xU(l|l). To study this we need to add the generators of the bosonic bases of U(l|l) 
to the Manin decomposition ( 14. 8p . This means that the M = 2 supersymmetric theory 



4 Since a+ is simpler in string theory than in our case, the supersymmetry algebra have a two- 
dimensional space of deformations instead of the one-dimensional in our case. 
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of the U(l)s is described by J*, J 1 and the superpartners \ii X % where i = 1,5,6. The 
supersymmetric algebra after the deformation given by (14. 9 j) is then 



G+|u(i)s = ^X 4 + 5(2 X 1 -X 5 -X 6 ), 
G~\u(i)s = J l Xi + d(xi ~ |xe - |Xe), 



(4.31) 

T|U(l)s = X Xi + J l — ZJ — — §<' 

T 7 | u(1)s = JjJ* + K^Xt - X^Xi) + 9(| Ji + J 1 - 1 J 5 - ! J 5 - J J 6 - \-f 



Krlums = X*X* + Ji - 2J 1 - | J 5 + J 5 - § J 6 + J 6 , 



Here we have performed a rescaling of the fermions and currents to absorb the levels, but 
keeping the kinetic terms. The levels can in principle be different for the U(l|l)s. 

We now turn to the T 4 part of string theory. To anticipate the embedding into our 
theory we denote the currents by J, J 1 and the fermions by Xi>X l where % = 5,6. The 
M = 2 algebra is given standardly by|§ 

^string, T 4 = i 

G string,T 4 = J Xi, ^ 4 32 ^ 

^string, T 4 = X % Xh 

Jstring.T 4 = JiJ* + iWxi ~ X^Xi)- 

Finally, we consider the ghost system which consists of a /37-system of central charge 
11 and a foe-system of central charge —26. The M = 1 supercurrent of the ghost system is 
given in e.g. [26] §| Without bosonization the only possible extension to an J\f = 2 algebra 
(without bosonization and up to swapping of takes the following form 



string, 


ghost 


-2*7, 




string, 


ghost 


-i(d/3)c 


- i^dc, 


^string, 


ghost 


-2: be: 


- 3 : 7/3 : 


T 

-*■ string, 


ghost 


— : dbc : 


- 2 : bde 



(4.33) 



2 HI 2 



We now bosonize the ghosts into three scalars, the foe-system in the ordinary way fo = e Pl , 
c = e Pl and the /37-system we bosonize oppositely as normal 7 = ie~ p2+Ps dp3, (3 = ie p2 ~ P3 . 



5 Note that [23] has an extra overall i in the U current. 
6 We correct the formula with an i. 
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The bosonized currents are 

^string, ghost ~~ ze u HZi 

G; trmg , ghost = e^-o*d{\ Pl + P2 - p 3 ) 



(4.34) 



^string, ghost — 9{2p\ + 3/?2), 

^strmg.ghost = -xdpxdpx + ^<9 2 pi - ^dp 2 dp 2 + ^dp 3 dp 3 + d 2 p 2 + ^d 2 p 3 . 

To be able to compare we re-fermionize this system. We define xi = §e Pl+P2_P3 , x 1 — 
l e - P i-P2+ Ps ^ j x = 3^ _|_ p 2 ) anc i ji = |(-p 2 + p 3 ). We then arrive at 

^string, ghost = JlX + 3(9% , 

^string, ghost ~ J Xl &Xli ^. 
^string, ghost = X X.1 + 9J\ — 38J 1 , 

T s t ri „g, ghost = Ji J 1 + \{dx x xx - X l dxi) + + Id J 1 . 

Note that this could also easily be put into a form that is symmetric in G ± again showing 
that the G f± -chiral rings of string theory are in one-to-one correspondence. 

We can now get a direct match of our superalgebra (14.311) for the U(l)s and the string 
superalgebra for the ghosts and T 4 in equations (14.321) and (I4.35P using the dictionary 

*<i) = 4t(0, x (l) = (A-Yx {l) , 

4 = % j« = (a~Tj«, 

where Xa\ is the vector (xii X5> Xe) e ^c and A is the matrix 



.4 



' 2 2 1 

| 1 o 



VI 1/ 

To sum up, we have shown in this section that the superalgebra we have after defor- 
mation, i.e. right before twisting, in the case of U(l, 1|2)_/- x U(l|l) x U(l|l) only differs 
from the standard string theory algebra in the G + part, and that our algebra is simply 
another choice of = 2 algebra. 



4.3 Boundary actions and the Warner problem 

In this section, we want to understand boundary actions in supergroup WZNW models 
using methods of world-sheet supersymmetric theories. Warner explained how to find B- 
type boundary actions in superconformal field thoeries [7J, we use [271 EE] as references. 
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Boundary conformal field theory on supergroups hasbeen investigated in [29j [23j [301 El 
EH [321 [18]. 

Lie supergroup bulk WZNW models can be well treated in the free fermion formal- 
ism. A similar method is desired for the boundary theories. The problem is to find the 
appropriate boundary action. So far only in GL(1|1) [5] and in OSP(l|2) [6J this problem 
could be solved. On the other hand, knowing the boundary action was essential in solving 
these models. 

Boundary conformal field theory in WZNW models is characterized by boundary con- 
ditions that preserve the current algebra in addition to conformal symmetry. This is 
the case if and only if the holomorphic and anti-holomorphic currents are glued together 
at the boundary with a metric preserving automorphism u of the underlying horizontal 
subalgebra 

J(z) = u(J(z)) for z = z. (4.36) 

A consequence of these conditions is that the group valued field that describes the sigma 
model maps the boundary of the world-sheet to a twisted (super) conjugacy class C%, 

C% = {g = hauih' 1 ) \h G G } . (4.37) 

The constant element a is parameterizing the position of the brane. 

Now, we saw that the bulk GL(N|N) WZNW model can be obtained by twisting 
an M = (2, 2) superconformal model. Moreover, the boson-fermion interaction term 
is an F-term. In this section, we want to consider the boundary theories with gluing 
automorphism u being minus one times the transpose in our matrix representation. This 
implies that our matrix valued fields A and B in GL(N) have the form 

A = CAqC* and B = DB D t (4.38) 

for some GL(N) valued fields C and D and constants matrices Aq and Bq. 

We want to find a boundary action that preserves the superconformal symmetry. 
This problem is often referred to as the Warner problem. Its solution requires additional 
fermionic boundary degrees of freedom as well as a factorization of the super potential into 
boundary super potentials. Let us review this situation for B-branes in Landau- Ginzburg 
models. The world-sheet of a Landau- Ginzburg model has two complex fermionic coor- 
dinates. The action of the model is given by a D-term and an F-term, C = Cd + £f, 
which are both by construction invariant under supersymmetry transformations. If one 
integrates the fermionic coordinates, the F-term looks as follows 

C F = l\Wf + ^W"M--^W''M-. (4.39) 
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A simple choice of D-term is, after integrating the fermionic coordinates, the Lagrangian 
of free bosons and fermions 



C D = d<f)d(f> + d<pd<f) + il>-dif>- + ip+dip + + ip+dip + . (4.40) 

There exist two families of boundary conditions that preserve half of the supersymmetry, 
which are called A- and B-boundary conditions. We are interested in the second case. 
First, if one sets the super potential W to zero, B-type supersymmetry is preserved by 
introducing the following boundary term 

S 0M y = l -JdT0r)-fje, (4.41) 

where r\ = ip_ + ip+ and 9 = ip_ — In this free theory this amounts to the boundary 
conditions ip- = ip + and ip- = ip + for the fermions. For non-zero super potential W, the 
supersymmetry variation of the action gives a boundary term of the form 

+ S 0My ) = Z -Jdref]W + e V W . (4.42) 

Finding a boundary term whose variation cancels this contribution is the Warner problem. 
Its solution is given by introducing a fermionic boundary super field. After integrating 
the odd world-sheet coordinates the boundary term is 

S hdy = J dr md T * ~ \jJ - \EE + % -^J' + -^J 1 - h V E' - ^f)E' . (4.43) 

Here J(4>) and E(<ft) are boundary potentials, prime denotes derivative with respect to <p, 
and 7r is the new boundary fermion. Its variation under supersymmetry is 

^susyTr = —ieJ — eE , S susy 7t = ieJ — eE . (4.44) 

The total action is now invariant under supersymmetry variation if and only if 

W = E J + constant . (4.45) 

In the case of the U(l) x SU(2) WZNW model a superfield formulation of the theory is 
known [33]. This motivates us to use an analogous method to solve the Warner problem 
in our case. We already saw in the last section that the bulk superpotential is 

W(A,B) = triA^B) , W = . (4.46) 

Here A and B are the two GL(N) (matrix) valued fields describing the GL(N)xGL(N) 
WZNW model. Recall that we choose gluing conditions for the currents that force the 
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matrix valued fields to have the form A = CAqC 1 and B = DBqD 1 at the boundary, 
where C and D are some matrix valued fields. 

Further, since W = 0, we should have J = E = 0. The field rj is in our case rj = b = b l 
and is a gl(N) matrix valued fermionic field. Since we identify b with 6*, we also want to 
identify n with tc in some way. Since nn should be a scalar field we take 

m = tr^oTr'Ao 1 ■ ) (4.47) 

for two constant GL(N) matrices Aq and Bo. Then the supersymmetry variation f)4.44p 
forces to also identify 

J = tr(fio^*^o 1 • ) • ( 4 - 48 ) 

We define E = C~ X D for two GL(N) valued boundary fields C and D, such that the 
invariant vector fields act as 

d aS E = C- l E a5 D. (4.49) 

Moreover, we have JE = W from (I4.38P as required. Then the boundary action (I4.43[) 
takes the form 

Sbdy = / dr tiiBon'A^dr^-UiiBoD'b^C-'YA^+^tiiBoTi'A^C-'bD) . (4.50) 

We believe that this is the correct action of the boundary model, and it is indeed in the 
example of GL(1|1) [5J. In order to prove this statement rigourously one has to show that 
the boundary potential is a screening charge for the currents. We have not proven this in 
general, but it is straightforward to address this issue in the example one wants to study. 



5 Summary and Outlook 

We have shown that the B-twist of the world-sheet supersymmetric GL(iV) x GL(iV) 
WZNW model perturbed by a truly marginal operator, an F-term, is embedded in the 
GL(iV|iV) WZNW model. Moreover, the supercurrents, as well as the U(l)-current, are 
expressions in terms of Lie superalgebra currents. Further, we have seen that the principal 
chiral field is a D-term. 

We then applied these results. In the example of the GL(2|2) WZNW model we 
have shown that the action consists of a free kinetic term plus two F-terms. One term 
couples bosons to fermions while the other gives screening charges for the bosonic subgroup 
GL(2) x GL(2). The important consequence is that one can compute the cohomology of 
the current G~ in free field theory. 
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Another application is the relation to type IIB string theory on AdS3 x S 3 x T 4 . 

Here we have shown that string theory is related by our procedure to the U(l, 1 J 2) ^ x 

U(l 1 1) x U(l 1 1) WZNW model, and that the current G~ is indeed the standard choice 
of supersymmetry charge. The current G + is a novel choice which is important for our 
relation. 

We suspected a relation between the GL(N\N) WZNW models and J\f = (2, 2) world- 
sheet supersymmetric theories because the GL(1|1) boundary WZNW model action is 
very similar to what one finds in boundary superconformal field theories. Knowing the 
boundary action is an essential aide in solving the model, and hence it was important that 
we could apply the techniques of superconformal field theory to find boundary actions for 
our models. 

Two tasks remain to be done. Firstly, to use the protected sectors we have found 
and compute the corresponding cohomology and their correlation functions. It would be 
particularly interesting to do this for world-sheets of higher genus. Secondly, to verify the 
boundary actions in an example and use them to compute correlation functions in the 
boundary theory. 

There are also possible generalizations. A topological twist of an M = (2, 2) world- 
sheet supersymmetric theory has central charge zero, and thus can only correspond to a 
supergroup WZNW model whose superdimension is zero. We already checked that the 
B-twist of the superconformal SL(2) x U(l) WZNW model is related to the supergroup 
SL(2|1) WZNW model, but have not yet discovered other examples. Also note that there 
exist world-sheet superconformal supergroup WZNW models [34] . One might expect 
that their B-twists in some cases can be related to WZNW models of orthosymplectic 
supergroups, and this should be investigated. 
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